H. Dreyssé, R. Riedinger. A conjecture about the size of a particular cellular automaton : the perfectly growing crystal. Journal de Physique, 1987, 48 (6) Abstract.-In order to optimize a computer implementation of the recursion method, (initially proposed by Heine, Haydock and Kelly), we build a cluster from an initial seed of points by adjoining the new sites obtained from the actual cluster by translation of a given set of vectors (the generators), on a lattice. This cluster is organized in shells and a conjecture is given about its size. This conjecture is checked on lattices with inequivalent sites and seems to remain valid this case. The conjecture about the size seems to be related to a self-similarity of the growing cluster. We relate the construction of these clusters to other topics : cellular automata, animals, growth of a crystal and combinatories. We show also how the growing process may be used to generate cluster with grain boundaries.
In this letter we present a conjecture about the size of clusters built by a geometrical recursion law. This problem can be related to the study of cellular automata, the partition of an integer, animals, and perfectly growing crystals [1] . Let us first define these particular clusters, which we call "zebra", due to their special organization in shells or strips.
Definition
The recursion method [2] is a powerful method to calculate many physically interesting quantities in real space. We implemented it in our previous studies of the electronic structure of impurities near surfaces [3] .
In order to minimize the computer memory requirements, we built an optimal cluster of sites which avoids any useless site for a given number of levels of the associated continued fraction. Let us briefly recall the essence of the recursion method : starting from an initial function 10) (atomic or molecular), we build a sequence of orthonormalized states in) given by the recursion relation :
where, at stage n(n &#x3E; 1), n), [n -I) and bn are known ; H is the Hamiltonian of the system, an = (n IH I n) . The (go from the site Ri to the site Tri = 1ii Rï = R, + ga, ga E fg}). It is similar to the presence of a "time".
The optimal cluster, the "zebra", needed for an exact determination of n stages of the continued fractions, is built by the following recursion laws :
1. The starting seeds is given ; it forms the shell 0 and may be either a single site or a finite cluster.
2. From the shell, n one builds the shell (n + 1) , which is the set of all the sites connected in one step to the full cluster at stage n (in fact, one needs only to consider the shell n) sites which does not yet belong to the cluster (in fact, one has only to check a finite number of preexisting shells (n, n -1, ...)). 3 . The "zebra" at stage n is the reunion of all shells, up to n.
In figure 1 we show a growing cluster with a seed of two sites.
2. Conjecture over the size of the "zebra"
For a large variety of generators spanning a dspace (d=2,3,4) we have checked that s(n), the number of sites in the shell n, satisfies to for n greater than a finite threshold value, nc. Here A is the finite difference operator.
Moreover, the value of the constant T = A'-'s(n) for a d-dimensional crystal depends only on the generators.
We have listed the values of nc and T for different generators and seeds in table I and figure 2. So it is possible to determine the number of sites in the full "zebra" at stage n, S(n) where Nt} is the number of sites connected to a given site. As mentioned above, this formula can be used as a check on the size of the minimal cluster for obtaining n exact levels in a continued fraction built by the recursion method on a lattice. We worked out similar relations for other lattices from (4).
3. Relations of the "zebra" with other topics 1. The "zebra" is a cellular automaton [4, 5] . According to Wolfram [6] , the "zebra" is a discrete lattice of sites [7] . Equation (9) [8] ), any point of the shell n can be attained in n steps from the origin but not less and the shell n is the set of the extremities of the stretched animals of size n, the other extremity being fixed at the origin (this animal is in fact a worm !). 3 . The "zebra" can be considered as a perfectly growing crystal, since it involves no randomness. Conjecture (4) is valid for any set of generators on a lattice. Let us note, that generally, our set of generators is compatible with a lattice where the possible interaction between two sites is not necessarily related to a geometrical proximity but is associated with the generators. In the case of d linearly independent generators and one point as seed, simple arguments of self-similarity can be invoked to give a proof of conjecture (4). We can also give a proof of conjecture (4) in the following case. Let p linearly dependent generators be with the following property : all lattice sites inside the geometrical envelope of the generators applied to a point seed are occupied. then we can tile the whole space into a set of pyramidal cones, defined with the seed point as a summit and a base of adjacent vertices of the first shell. In each cone, the preceding self-similarity property remains valid and this leads to a proof of conjecture (4).
More generally, one seems to find such self-similarity properties which are related to conjecture (4). Another interesting property of the "zebra" is its ability to build clusters with some restrictions ; e.g. surfaces with steps or grain boundaries (Fig.3) . For with a period v independent of the starting point (here, in both cases, v=3). Simple geometrical arguments can be used to transform this problem into a linear chain problem and the values of Ad-1S (n) are easily determined. Moreover one can consider a "supershell" consisting of the reunion of v consecutive shells. If E(n) denotes the number of sites in the "supershell" n, we find again that the remarkable property 6.1 E (n) does not depend on the starting point but only on the lattice and thus on the generators. (In Fig. 4a, &#x26 ;'E(n) = 14=4+6+4=5+5+4, in Fig. 4b 
Conclusion
In spite of our efforts, we were unable to find a general proof of the conjecture on the size of the "zebra". However, it was possible to find connections of the "zebra" with different topics of statistical physics. In any case this conjecture is useful in the recursion method itself, by giving an estimation of the memory storage needed for a given-number of levels of the continued fraction to be built buy the recursion method. The ability of the "zebra" to generate some corrugated surfaces and grain boundaries has also been emphasized.
